Eppstein [7] introduced semicube graphs as the key tool for efficient computation of the lattice dimension of a graph. In this paper it is shown that, roughly speaking, every graph can be realized as the semicube graph of some partial cube. Terminal semicubes and terminal expansions are introduced along the way. Semicube graphs of trees are studied in detail.
Introduction
The lattice dimension of a graph G is the smallest d such that G embeds isometrically into the d-dimensional integer lattice Z d . It is not difficult to observe that graphs with finite lattice dimension can be equivalently described as the graphs that can be isometrically embedded into some hypercube. In other words, graphs with finite lattice dimension are partial cubes. The lattice dimension of combinohedrons has been determined in [15] while in [9] the lattice dimension of benzenoid systems has been studied. We also refer to the book [5] for the lattice dimension of several infinite partial cubes.
To determine the lattice dimension of a graph G, Eppstein [7] introduced the semicube graph Sc(G) and proved that the lattice dimension of G is equal to k − |M |, where k is the isometric dimension of G and M a maximum matching of Sc(G). He further suggested that it would be of interest to investigate more carefully the combinatorial properties of the semicube graph. Motivated by this suggestion we proceed as follows.
In the rest of this section we introduce the semicube graph. The remaining concepts and definitions are given in the next section. In Section 3 we introduce terminal semicubes and clarify the role of isolated vertices in semicube graphs. We observe that a connected graph is a partial cube if and only if it can be obtained from K 1 by a sequence of terminal expansions and pose a related problem that involves the lattice dimension and terminal expansions. In the subsequent section we prove that every graph can be realized as the semicube graph of some partial cube. Then we have a closer look to the semicube graphs of trees and determine their chromatic, independence, and domination number.
For a connected graph G = (V, E) and an edge ab of G let
Following [7] we will call the sets W ab semicubes of G. The semicube graph Sc(G) of a partial cube G is the graph whose vertices are the semicubes of G, semicubes W ab and W cd being adjacent if
Note that these conditions are equivalent to
For instance, Sc(Q n ) consists of 2n isolated vertices, and Sc(P 3 P 3 ) (the Cartesian product of the path on 3 vertices with itself) is the disjoint union of four copies of K 1 and two copies of K 2 . More generally, it is not difficult to see that for any G and any H,
where Sc(G) + Sc(H) denotes the disjoint union of G and H.
Notation and preliminaries
Graphs considered in this paper are finite and simple.
Let u and v be vertices of a connected graph G. Then d G (u, v), or d(u, v) for short, denotes the length of a shortest u, v-path in G. The interval I(u, v) between u and v is the set of all vertices on shortest u, v-paths.
A connected graph is a median graph if for every triple u, v, w of its vertices |I(u, v)∩I(u, w)∩I(v, w)| = 1.
A graph G is a partial cube if G is an isometric subgraph of some hypercube. Recall that median graphs are partial cubes [13] . Edges e = xy and [6, 17] . Θ is reflexive and symmetric. On partial cubes it is also transitive [17] and hence an equivalence relation. Let [G] Θ denote the set of the Θ-classes of a partial cube G. The number of these classes, |[G] Θ |, is known as the isometric dimension of G.
Let ab be an edge of a connected graph G. In addition to the previously introduced set of vertices W ab we also set U ab = {w ∈ W ab | w has a neighbor in W ba }, F ab = {e ∈ E(G)| e is an edge between W ab and W ba }, G ab = subgraph induced by W ab .
In a partial cube G the Θ-class containing ab coincides with the set F ab . Hence we may write
The crossing graph G # of a partial cube G has elements of [G] Θ as vertices, where Finally, an isometric cover G 1 , G 2 of a connected graph G consists of two isometric subgraphs G 1 and
Let G 1 and G 2 be isomorphic copies of G 1 and G 2 , respectively. For any vertex u ∈ G i , 1 ≤ i ≤ 2, let u i be the corresponding vertex in G i . Then the expansion of G with respect to G 1 , G 2 is the graph G obtained from the disjoint union of G 1 and G 2 , where for any u ∈ G 1 ∩ G 2 the vertices u 1 and u 2 are joined by an edge. A contraction is the reverse operation to the expansion.
Isolated vertices of semicube graphs and terminal semicubes
We have already noticed that the semicube graphs of hypercubes have no edges. In general, semicube graphs contain plenty isolated vertices. Hence we first take a closer look to such vertices. For this sake we introduce terminal semicubes and use them to give a refined version of Chepoi's expansion theorem. By a terminal semicube we mean a semicube that is minimal with respect to inclusion. More precisely, W ab is a terminal semicube if W cd ⊆ W ab implies W cd = W ab . Let ab be an edge of a partial cube G. Then let G # [ab] denote the subgraph of G # induced by the Θ-classes which have non-empty intersection with G ab . Proposition 3.1 Let ab be an edge of a partial cube G. Then the following statements are equivalent: (
Hence at least one of the vertices of Q, say F cd , is in G # not adjacent to F ab . In other words, F ab and F cd do not cross and since
Assume W ab is not an isolated vertex of Sc(G) and let W cd be adjacent to W ab in Sc(G). Then F cd ⊂ G ab . Consider now the clique Q of G # containing F cd and note first that F ab / ∈ Q. In addition, if F uv ∩G ab = ∅ we similarly see that F uv / ∈ Q. But then we conclude that Q is a clique of G # contained in
Isbell [8] proved that hypercubes are the only median graphs whose crossings graphs are complete graphs. (This result was independently discovered in [12, 16] .) Consequently, cliques of G # , where G is a median graph, correspond to maximal hypercubes in G. Therefore Proposition 3.1 specializes to median graphs as follows. Clearly, any descending chain of semicubes of a given partial cube G has a minimal element which is then a terminal semicube. We say that a contraction of a partial cube is a terminal contraction if it is done with respect to F ab , where at least one of W ab and W ba is terminal. The reverse operation is a terminal expansion. More precisely, a terminal expansion is an expansion with respect to an isometric cover G 1 , G 2 , where at least one part of the cover, say G 1 , has the following property:
Chepoi [4] proved that partial cubes can be characterized as those graphs that can be obtained from K 1 by a sequence of expansions. Moreover, any order of contractions leading from a partial cube to K 1 is legal for this construction. Since any partial cube contains a terminal semicube, we can thus state: Theorem 3.3 A connected graph G is a partial cube if and only if G can be obtained from K 1 by a sequence of terminal expansions.
On Proof. Let W ab be a peripheral semicube of G and suppose that W ab is not terminal. From the proof of Proposition 3.1 we infer that there is a Θ-class F cd such that F cd ⊂ G ab . Without loss of generality let d(a, c) < d(a, d). Then d ∈ W ab \ U ab and hence W ab is not a peripheral semicube.
The converse of Proposition 3.5 is not true. The smallest example is provided by C 6 : any of its semicubes is terminal but not peripheral. On the other hand, peripheral semicubes and terminal semicubes coincide in median graphs. Hence Theorem 3.3 can be considered as a natural extension of the characterization of median graphs as those graphs that can be obtained from K 1 by a sequence of convex peripheral expansions [14] . We add finally that partial cubes that can be obtained from K 1 by a sequence of peripheral expansions (called tree-like partial cubes) were studied in [3] .
Semicube graphs are universal
In this section we show that every graph can be found in a semicube graph of some graph. More precisely, for any graph G there exists a graph H such that Sc(H) is the disjoint union of G and some isolated vertices. This implies that the time complexity of Eppstein's algorithm for determining the lattice dimension of a graph is bounded below by the complexity of the best known algorithm for finding a maximum matching in a general graph.
For our purposes simplex graphs are of utmost help. The simplex graph S(G) of a graph G is the graph whose vertices are the complete subgraphs of G including the empty graph, two vertices of S(G) being adjacent if, as complete subgraphs of G, they differ in exactly one vertex. The simplex graphs have been introduced in [2] , where it has in particular been shown that they are median graphs. In fact, simplex graphs can be characterized as the median graphs with a vertex which is common to all maximal cubes [1, Proposition 2.3].
Let Con(Sc(G)) be the graph obtained from Sc(G) by identifying vertices W ab and W ba for any Θ-class F ab . Note that Con(Sc(G)) has no loops and no multiple edges. To prove the main result of this section the following lemma is needed.
Lemma 4.1 Let G be a partial cube. Then G # ∼ = Con(Sc(G)).
Proof. For an edge ab of G, let w ab be the vertex of Con(Sc(G)) obtained by contracting W ab and W ba . Let the mapping g : V (Con(Sc(G))) → V (G # ) be defined with g(w ab ) = F ab .
We show that g is an isomorphism. Clearly, g is a bijection. Suppose that w ab is adjacent to w cd in Con(Sc(G)). Then we may without loss of generality assume that W dc is properly contained in W ab . It follows that Θ-classes F ab and F cd do not cross, hence F ab is adjacent to F cd in G # . Assume next that w ab is not adjacent to w cd in Con(Sc(G)). Then none of W cd and W dc is properly contained in W ab and W ba . But then F ab and F cd cross, hence F ab is not adjacent to F cd in G # and the lemma is proved. Theorem 4.2 Let G be a graph on n vertices. Then Sc(S(G)) = G + nK 1 .
Proof. Let the vertex set of G be {1, . . . , n}. Then all Θ-classes of the simplex graph S(G) are of the form F ∅i , i = 1, . . . , n. In particular, Sc(S(G)) contains 2n vertices.
Hence all Θ-classes of S(G) meet the vertex ∅ of S(G). Therefore, for any i ∈ {1, 2, . . . , n} the semicube W i∅ is terminal, for otherwise we would have a Θ-class that would be properly contained in the semicube W i∅ , contradicting the fact that in the simplex graph all Θ-classes meet the vertex ∅. Hence by Proposition 3.1, these semicubes induce n isolated vertices, nK 1 , in Sc(S(G)).
Consider next the semicubes W ∅i , i = 1, . . . , n. Two such semicubes are adjacent in Sc(S(G)) if and only if the corresponding Θ-classes do not cross. We now recall from [11, Theorem 3.1] that for every graph G we have G = S(G) # . Lemma 4.1 completes the proof.
Let G be an arbitrary graph. Then Theorem 4.2 implies that Sc(S(G)) = G + nK 1 which is the announced representation.
Two results of similar nature as Theorem 4.2 are known. In [11, Theorem 3.1] it was proved that every graph G can be represented as a crossing graph of its simplex graph S(G), while in [10, Theorem 2.3] it was shown that every graph G can be represented as a τ -graph of a simplex graph S(G).
Semicube graphs of trees
Since every graph can be realized as a semicube graph of some graph it seems interesting to consider semicube graphs of specific families of graphs. (The situation is similar as is with intersection graphs, where every graphs is an intersection graph of some set system. Restricting to some specific family of sets interesting classes of graphs are obtained, for instance interval graphs and chordal graphs.) In this section we therefore restrict to trees and their semicube graphs.
Each Θ-class of a tree consists of a single edge. Let ab be an edge of a tree T . Then the semicube W ab is adjacent to all semicubes W cd , where c, d ∈ W ab and a, b ∈ W cd . Therefore deg(W ab ) = |W ab | − 1. Furthermore, the terminal semicubes of T are of the form W ab = {a}, where a is a leaf of T . Hence, using Proposition 3.1, isolated vertices of Sc(T ) are the leaves of T . The remaining semicubes of T form a nontrivial connected component.
Consider the following special cases. If T = K 1,n , then any two semicubes different from leaves of T are adjacent in Sc(T ), therefore Sc(K 1,n ) = K n + K n . Let v 1 , . . . , v n be the vertices of P n adjacent in the natural way. Then the sets of semicubes
In the rest of the section we study different properties of the semicube graphs of trees. For a tree T , let ℓ(T ) denote the number of the leaves of T . As usually, χ(G) and ω(G) denote the chromatic number and the clique number of G, respectively.
Theorem 5.1 Let T be a tree with at least two edges. Then χ(Sc(T )) = ω(Sc(T )) = ℓ(T ).
Proof. Let v be a vertex of T of degree at least 2. Let v 1 , . . . , v ℓ be the leaves of T and let v ′ 1 , . . . , v ′ ℓ be their neighbors in T . Then the semicubes W v ′ i v i , i = 1, . . . , ℓ(T ), induce a complete subgraph of Sc(T ). Therefore χ(Sc(T )) ≥ ℓ(T ).
To construct an ℓ(T )-coloring we inductively construct paths L 1 , . . . , L ℓ(T ) as follows. Let L 1 be the v 1 , v-path in T . Suppose L 1 , . . . , L k are already constructed, where 1 ≤ k < ℓ. Then let L k+1 be the path between v k+1 and the first vertex from ∪ k i=1 L i . It follows that paths L 1 , . . . , L ℓ(T ) are internally disjoint and they cover the vertices of T . Note that by the construction, if i = j and L i ∩ L j = {u}, then u is an endvertex for at least one of L i and L j .
We partition the set of all semicubes of T into sets C = {W ab | v ∈ W ab } and
, the set of semicubes L i ∩ C forms a chain with respect to inclusion and is therefore an independent set of semicubes. We color W ab ∈ C with i, where ab ∈ L i .
The set D is an independent set of Sc(T ) since no semicube from D contains the vertex v. Now color W ab ∈ D with color k, where v k is an arbitrary leaf not in W ab . Such a leaf exists because v is not a leaf. By the construction, W ab is in Sc(T ) not adjacent to any of the semicubes from C ∩L k , because they also do not contain v k . We conclude that χ(Sc(T )) ≤ ℓ(T ). Since in general χ(Sc(T )) ≥ ω(Sc(T )) the proof is complete.
We next determine the independence number α.
Theorem 5.2 Let T be a tree with at least one edge. Then α(Sc(T )) = |T |. The maximum independent sets are {W ab , W ba } ∪ {W cd | W cd ⊂ W ab or W cd ⊂ W ba }, where ab ∈ E(G).
Proof. Let M be the set of all maximum independent sets of Sc(T ). Consider an arbitrary edge ab ∈ E(T ). First we show that in every maximum independent set of Sc(T ) at least one of the semicubes W ab and W ba is included. Suppose on the contrary that there exists M ∈ M such that none of the sets W ab and W ba is in M . By the maximality of M there exist semicubes W cd , W ef ∈ M such that W cd is adjacent to W ab and W ef is adjacent to W ba . By the definition of the semicube graph this is equivalent to
, therefore W cd and W ef are adjacent in Sc(T ) which is not possible since M is independent.
If W ab is included in a maximum independent set M then also all semicubes such that W cd ⊆ W ab are in M . Moreover maximal (with respect to the inclusion) semicubes in M are complementary. Also only one pair of complementary semicubes can be included in M . Therefore α(T ) = |T | and every independent set M is as claimed. In addition, any edge of T can be chosen such that its corresponding semicubes form maximal semicubes of an independent set. Therefore Sc(T ) has |T | − 1 different maximum independent sets.
For the domination number γ we need the following notation. For a tree T , let T − be the tree obtained from T by removing all its leaves. Theorem 5.3 Let T be a tree with at least one edge. Then γ(Sc(T )) = ℓ(T ) + ℓ(T − ).
Proof. Throughout the proof the notation W uw will be used for the semicube W uw considered in T .
The statement is clear for K 2 , hence assume in the rest that T has at least two edges. By Proposition 3.1, Sc(T ) contains ℓ(T ) isolated vertices. We need all of them to dominate themselves. Consider the tree T − . If T − = K 1 then T is a star and the statement of the theorem clearly holds. Suppose in the following that T − contains at least one edge. Then any leaf of T − has at least one neighbor in T − . Let u be an arbitrary leaf of T − and w its neighbor in T − . Consider W uw and let u 1 , . . . , u r be the leaves of T adjacent to u. Then in Sc(T ) the semicube W uw has degree r; it is adjacent to the semicubes W uu 1 , . . . , W uur . Hence in order to dominate W uw , one of the vertices from D(u) = {W uw , W uu 1 , . . . , W uur } must be selected. If x is another leaf of T − then we infer that D(x) ∩ D(u) = ∅. We conclude that γ(Sc(T )) ≥ ℓ(T ) + ℓ(T − ).
Let v 1 , . . . , v d be the leaves of T − and let v ′ i be a leaf of T adjacent to v i ,
dominates the nontrivial connected component of Sc(T ). Let ab be an arbitrary edge of T . We consider two cases. 
